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When data are independent and identically distributed (i.i.d.) we deal with the following likelihood
function
£(d.0)=]]r(q
i

and we estimate the parameters by maximizing the likelihood function

6)

0 = argmax £(d,0)
6
or, equivalently, its logarithm

6 = argmaxl:logj (d,9)]
0

(in real life, this procedure is often complex and almost invariably it requires a numerical solution)



The EM algorithm is used to maximize likelihood with incomplete information, and it has two main
steps that are iterated until convergence:

E. expectation of the log-likelihood, averaged with respect to missing data:

parameters (with respect
to which we want to
maximize the expression

measured missing
data data previous parameter
Ilkel|hood estimate (constant
values

Q(OO’”) logpxy\e XO"1

_j | log p(x,y|6) |p y‘x@”l) y

M. maximization of the averaged log- I|keI|hood with respect to parameters:

0" = arg maxQ(G,H(H))
0
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Example: an experiment with an exponential model
(Flury and Zoppe)

Light bulbs fail following an exponential distribution with mean failure time @
To estimate the mean two experiments are performed

1. n light bulbs are tested, all failure times u; are recorded
2. m light bulbs are tested, only the total number r of bulbs failed at time t are recorded

( A
1. ] ( ul.) 1 2“ 1 ( n<u>j
L = 5exp —— |=—exp| — = —exp| —
|

0" 0 0" 0
\ J

missing data!



combined likelihood
1 n(u) iy | ( vl.)
—exXp| — 1 | =¢exp| ——
g " ( 6 jne Pl7d

log-likelihood

_ning— Z(lnmﬁ)
6 5 0

l




expected failure time for a bulb

that is still burning at time t t+0

expected failure time for a bulb O — teXP(_t/Q)
that is not burning at time t 1 — exp(—t/@)




Note on mean failure time for a bulb that is not burning at time ¢

P(l")‘x%e_t'/e 0<t <t
normalization = j p(t')dt' — jd_t, o0 —1— /0
) v
. : ’ ’ ’ y /g GL dt
mean failure time = _[t p(t )dt = = J}

— - —z/e |:1 e—t/O (t/a)e—t/eil

te”?
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P

average log-likelihood

0= E{—nln@— ”g"> +2(—1n9—%ﬂ
n{u) 1(0_ texp(—r/m)j_(m;r)(wt)

—_ Ino— _
(n-+m)In 1—exp(—1/6

0

this ends the expectation step
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the max of the mean likelihood

1
Q——(n+m)ln9—5

_n<u>+r(9— 1

can be found by maximizing the approximate expression

Qz—(n+m)ln9—l
0
fi—gz—(n+m)%+i2

n<u>—|—r[9(k)

texp(—t/G(k))

- exp(—t/e(k)

(k)

n<u>+r[9
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)]+<m_r>(0<k>+t)

)]+(m—r)(9(k) -H)_




dg
do

9(k+1) _

1

n+m

1

— —(n+m)5+9— n<u>+r{9(k)

texp(—t/@“‘))

-

n<u>+r{9(k) —

texp(—t/e(k))

- exp(—t/G(k

1- exp(—t/e(k)

)]+<m_r)(e<k>+f)

iterate this until convergence ...
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Example with mean failure time = 2 (a.u.), and randomly
generated data (n = 100; m = 100). In this example r = 36.
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Important application of the EM method: parameters of “mixture

models”.

M
p(xn‘e) = Zaipi (xn
i=1

0)

Example: a Gaussian
mixture model (M=2)




direct maximization of log likelihood

6)=Llogp(x,
=;10g Zapl( ) .

log £(x,0) long( ) “

difficult numerical treatment ... however we can manage
with a reinterpretation of the mixture model parameters ...

o, = probability of drawing the k-th component of the mixture model

» new (hidden) variable: y = index of component (integer values only)

thus, we must redefine data and parameters
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new likelihood which includes the hidden variables

log £'(x,y,0) = logp(x,y 9)
=log] | p(x,.,

=D log| p(x,

=Y log| e, p, (x,

6)

0)]

v,.0)p(>,

0.}

( 6. are the parameters restricted to the i-th component)

The structure is simpler now, there is no sum in the argument
of the logarithm, however there is a new hidden variable y.



Now we proceed by averaging the likelihood
(Expectation step)

nevy parameter previous parameter
estimate estimate

v/

Q(G,G(H)) :logp(x,y\e)‘x,e(i_l)]

Ey
J[Logp(x,y\@)]p(y‘x,e(i_l))dy
—> Z[logp(x,y\@)]p(y‘x,e(i_l))

\

sum instead of integral, because the
y variate is discrete




prior probabilities in the expression of the averaged log-
likelihood

0(6.6"")=>[log p(x.yl6)]p(y[x.6"")

y
and now we use Bayes:
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Therefore, using log £ ’(x,y,9) = Zlog[aynpyn (xn‘eyn )}

N
n=1

we find
0(6.6"")= Z[logp(X,YIO) P(Y\X’e(i_l))

= log o, py }HP(YJ‘X 0" )




Q(0,0 ) = ii 2 lﬁlog[aykpyk (xk

y=ly,=1 yn=l1 1

S5 S50 e )]

n=ly,=1  yy=lk

/

to decouple the variables, we add one sum and one Kronecker’s delta...
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after the decoupling, we can use the normalization of
conditional probabilities
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log [aepe(75|60)] ¢ Z Z Z Z 80,1 Hp(yj\:cj,e(z—l)) >p(€]:vj,9(z_1))

(=1 k=1 y1=1 Yr—1=1yrp1=1 yn=1 Jj=1
\ ]#k J
( )
M N N M ‘ '
=3 toglaupe(el0] TT 3 p (w5l25,097) ¢ o (s, 007)
=1 k=1 j=1y;=1
\J7k )

M-
™=

—1
log [agpe(zk|60)| P (ﬂxj? o' >) these sums all add to 1 (normalization
of conditional probabilities)
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M N
Q (9, H(i_l)) = Z Zln laep(l|z, 0)] pe(zi, 80 D)
(=1 k=1
M N M N
:ZZInag pe(xr, 8°D) +ZZlnp Oz, ) pe(zy, @D)
(=1 k=1 (=1 k=1
this depends only on the O/ parameters this term depends on the parameters of

the component distributions

Thus, there are two terms that can be maximized separately.
Moreover, the first term must be maximized with the normalization constraint, i.e.

p M N 1) M
W{zzlog%p(f‘xkﬁ )+ 1(20@ — lﬂ =0

(=1 k=1
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%ip(m\xkﬁ(”))

k=1
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This is as far as we can go without introducing an explicit form for the
component distributions: to evaluate the other term we explicitly consider the
1D Gaussian mixture model:

1 (x_.uz)z

Pg(xwwge): Wexp 2672
; /

N
0 i T — Um i— i—
a Zzlnpﬂ(xkae) p(elxlﬂe( 1)) — _22 ( u 2'“ ) p(m‘kau?(n 1)70-?(77, 1)) =0
=1 k=1 k=1 20_m
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Finally we find the following set of recursive formulas, that
combine the E and M steps:

1 . m2
pm(X|um,0'm):WeXp[_(x “2)]

NS
N
. Zxkp(M‘xk :u,(qi_l) Gl(n_l)) 2 i(x]{_‘u’(n))zp(m‘xk ‘LL’(n_l) an_l))
,LL,(,;) = kzzlv (G,(;)) S
2P (m ‘xk T Gf;‘l)) Z{P(m‘xk i Gf,[l))



We remark that the probabilities

AN

2 &, Dy ('xn 0, )
k=1

p(y,

are an estimate of the frequencies of the y,, using the observed
data x,, and this amounts to a classification (selection of one of
the component distributions).
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Easy-to-understand example: waiting times between eruptions of the Old

Faithful Geiser (Yellowstone National Park — \Wyoming)

25¢

20¢

15}

10}

Gaussian mixture model for waiting
time distribution
(R example) 0

50
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In this case, the mixture model has two Gaussian components

p(w‘e) — CMN(UJ; ,u1,0'1) + (1 - a)N(w;M% 0-2)

where the vector of parameters is 0 = (()47 Wi, 1U2,01, (72)

The resulting log likelihood with n waiting times w; is

In L = Zln aN(w;; p1,01) + (1 — )N (wg; pa, 02)]
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Again, we substitute the likelihood with the new one
L=]]a¥ (=) ¥ [N (ws; pr,00)]V [N (wi; pa, 09))
)

where the new, unobserved data y; are indicator variables that select extraction
from the first (y; = 1) or the second (y; = 0) Gaussian.

Then

InL = Z yilna+ (1 —y;)In(1 —a) +y; . In(2moq1) — (wi — )7
0 2 20°%

2
202




The probability that a given
time interval belongs to the
first Gaussian is

Di =

this probability is also equal to the mean
K value of the indicator variable

a X N(wg; p1,01)

a X N(wg; p1,01) + (1 —a) x N(wg; pi2, 02)

oM expl—(wi — 1y”)*/ 201"/ 2w (07")?

a® expl—(w; — p)2/2(a)2] /121 (07)2 + (1 — a®) exp[—(w; — p)2/2(a57)2] /1) 27 (0572
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Now, averaging the log likelihood with respect to the missing data we find

Q20.67) = 3" s ma+ (1 - p) (1 — a) + p (L n(2mod) - L)
9 p

20
; 1

+1 - p) (—5 nizno) - L2l )]

205

(the mean value of the indicator variable is equal to the current estimate
probability o)

Next we maximize with respect to all the remaining parameters, and we find:

o) — Zp(k)

k
(k+1)\? _ Zipi N(w; — p ))2, (k1) _ 2 P w;
R o
)’ o) _ Nl = p )y

(O_(kz—l—l))2 = p) (= ) D)
2 Sa-p") 2 5,1 =)



Finally we have the following set of equations:

k k k
a® expl—(w; — p§")2/2(0\")?) /1) 2m(o"))2

(k)
p;, =
a® expl—(w; — p)2/2(0)2)/1/27(01)2 + (1 — a®) exp[—(w; — p§”)2/2(a5”)2] /) 21(0 )2
kD) — Z ptk)
k
(k4+1)\ 2 _ Zip- ( ( ))2, (k+1) Zzp( ) w;
91 - > p<k> ’ Hio = s p®
k
k+1)\2 D (1= ( ))<wz —M(z ))2_ (k1) 21— ( )) (F
0-2 — (k) 9 lu2 T (k)
Zi(l_pi ) Zz’(l_pi )
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Convergence of the a
parameter
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Comparison of the original data with the mixture model obtained with the EM

algorithm
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