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L d,θ( ) = p di θ( )

i
∏

When data are independent and identically distributed (i.i.d.) we deal with  the following likelihood 
function

and we estimate the parameters by maximizing the likelihood function

or, equivalently, its logarithm

(in real life, this procedure is often complex and almost invariably it requires a numerical solution)

θ̂ = argmax
θ

L d,θ( )

 
θ̂ = argmax

θ
logL d,θ( )⎡⎣ ⎤⎦
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The EM algorithm is used to maximize likelihood with incomplete information, and it has two main 
steps that are iterated until convergence:

E. expectation of the log-likelihood, averaged with respect to missing data:

M. maximization of the averaged log-likelihood with respect to parameters:

Q θ ,θ n−1( )( ) = Ey log p x,y θ( ) x,θ n−1( )⎡⎣ ⎤⎦

= log p x,y θ( )⎡⎣ ⎤⎦ p y x,θ
n−1( )( )dy

Y
∫

θ n( ) = argmax
θ

Q θ,θ n−1( )( )

likelihood

measured 
data

missing
data

parameters (with respect 
to which we want to 
maximize the expression

previous parameter 
estimate (constant 
values)
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Example: an experiment with an exponential model 
(Flury and Zoppè)

Light bulbs fail following an exponential distribution with mean failure time 

To estimate the mean two experiments are performed

1. n light bulbs are tested, all failure times ui are recorded 
2. m light bulbs are tested, only the total number r of bulbs failed at time t are recorded

1. 

2.

θ

 
L = 1

θ
exp − ui

θ
⎛
⎝⎜

⎞
⎠⎟i=1

n

∏ = 1
θ n exp −

ui
i
∑
θ

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
= 1
θ n exp −

n u
θ

⎛
⎝⎜

⎞
⎠⎟

 
L = 1

θ
exp − vi

θ
⎛
⎝⎜

⎞
⎠⎟i=1

m

∏
missing data!
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log-likelihood

−n lnθ −
n u
θ

− lnθ +
vi
θ

⎛
⎝⎜

⎞
⎠⎟i=1

m

∑

1
θ n exp −

n u
θ

⎛
⎝⎜

⎞
⎠⎟
· 1

θ
exp −

vi
θ

⎛
⎝⎜

⎞
⎠⎟i=1

m

∏

combined likelihood
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expected failure time for a bulb 
that is still burning at time t t +θ

expected failure time for a bulb 
that is not burning at time t θ −

t exp − t θ( )
1− exp − t θ( )
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Note on mean failure time for a bulb that is not burning at time t

p ′t( )∝ 1
θ
e− ′t θ 0 ≤ ′t ≤ t

normalization = p ′t( )d ′t
0

t

∫ = d ′t
θ
e− ′t θ

0

t

∫ = 1− e−t θ

mean failure time = ′t p ′t( )d ′t
0

t

∫ = 1
1− e−t θ

′t e− ′t θ d ′t
θ0

t

∫

= θ
1− e−t θ

1− e−t θ − t θ( )e−t θ⎡⎣ ⎤⎦

= θ − te−t θ

1− e−t θ

Edoardo Milotti - Advanced Statistics - A.Y. 2022-23 7



Q = E −n lnθ −
n u
θ

+ − lnθ − vi
θ

⎛
⎝⎜

⎞
⎠⎟i=1

m

∑⎡
⎣⎢

⎤
⎦⎥

= − n +m( ) lnθ −
n u
θ

− r
θ

θ −
t exp − t θ( )
1− exp − t θ( )

⎛

⎝⎜
⎞

⎠⎟
−
m − r( )
θ

θ + t( )

average log-likelihood

this ends the expectation step
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Q = − n +m( )lnθ − 1
θ

n u + r θ −
t exp − t θ( )
1− exp − t θ( )

⎛

⎝⎜
⎞

⎠⎟
+ m − r( ) θ + t( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

the max of the mean likelihood 

can be found by maximizing the approximate expression

Q ≈ − n +m( )lnθ − 1
θ

n u + r θ k( ) −
t exp − t θ k( )( )
1− exp − t θ k( )( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ m − r( ) θ k( ) + t( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

dQ
dθ

≈ − n +m( ) 1
θ
+ 1
θ 2 n u + r θ k( ) −

t exp − t θ k( )( )
1− exp − t θ k( )( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ m − r( ) θ k( ) + t( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= 0
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θ k+1( ) = 1
n +m

n u + r θ k( ) −
t exp − t θ k( )( )
1− exp − t θ k( )( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ m − r( ) θ k( ) + t( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

dQ
dθ

≈ − n +m( ) 1
θ
+ 1
θ 2 n u + r θ k( ) −

t exp − t θ k( )( )
1− exp − t θ k( )( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ m − r( ) θ k( ) + t( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= 0

iterate this until convergence ...
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k

θ k( )

0 5 10 15 20
0.0

0.5

1.0

1.5

2.0

Example with mean failure time = 2 (a.u.), and randomly 
generated data (n = 100; m = 100). In this example r = 36.
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Important application of the EM method: parameters of “mixture 
models”.

p xn θ( ) = α i pi xn θ i( )
i=1

M

∑

�1 0 1 2 3
0.0

0.1

0.2

0.3

0.4

0.5

0.6 Example: a Gaussian 
mixture model (M=2)

 

θ = α1,…,α M ;θ1,…,θM( )

α i = 1
i=1

M

∑
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direct maximization of log likelihood

logL x,θ( ) = log p xn θ( )
n
∏ = log p xn θ( )

n
∑

= log α i pi xn θ i( )
i=1

M

∑⎡
⎣⎢

⎤
⎦⎥n

∑

difficult numerical treatment ... however we can manage 
with a reinterpretation of the mixture model parameters ... 

= probability of drawing the k-th component of the mixture model

new (hidden) variable: y = index of component (integer values only)

thus, we must redefine data and parameters

α k
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M components 
N data



new likelihood which includes the hidden variables

log ′L x,y,θ( ) = log p x,y θ( )
= log p xn , yn θ( )

n
∏

= log p xn yn ,θ( ) p yn θ( )⎡⎣ ⎤⎦
n
∑

= log α yn
pyn xn θ yn( )⎡

⎣
⎤
⎦

n
∑

(     are the parameters restricted to the i-th component)

The structure is simpler now, there is no sum in the argument 
of the logarithm, however there is a new hidden variable y. 

θ i
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Q θ ,θ i−1( )( ) = Ey log p x,y θ( ) x,θ i−1( )⎡
⎣

⎤
⎦

= log p x,y θ( )⎡⎣ ⎤⎦ p y x,θ
i−1( )( )dy

Y
∫

→ log p x,y θ( )⎡⎣ ⎤⎦ p y x,θ
i−1( )( )

y
∑

Now we proceed by averaging the likelihood 
(Expectation step)

sum instead of integral, because the 
y variate is discrete

new parameter 
estimate

previous parameter 
estimate
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prior probabilities in the expression of the averaged log-
likelihood

Q θ ,θ i−1( )( ) = log p x,y θ( )⎡⎣ ⎤⎦ p y x,θ
i−1( )( )

y
∑

and now we use Bayes:

p yn xn ,θ( ) = p xn yn ,θ( ) p yn θ( )
p xn θ( ) =

α yn
pyn xn θ yn( )
α k pk xn θ k( )

k=1

M

∑

p y x,θ( ) = p yn xn ,θ( )
n=1

N

∏ =
α yn

pyn xn θ yn( )
α k pk xn θ k( )

k=1

M

∑n=1

N

∏
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Therefore, using

and

we find 

Q θ ,θ i−1( )( ) = log p x,y θ( )⎡⎣ ⎤⎦ p y x,θ
i−1( )( )

y
∑

= log α yk
pyk xk θ yk( )⎡

⎣
⎤
⎦

k=1

N

∑ p yj x j ,θ
i−1( )( )

j=1

N

∏
y
∑

= …
y2 =1

M

∑
y1 =1

M

∑ log α yk
pyk xk θ yk( )⎡

⎣
⎤
⎦

k=1

N

∑
yN =1

M

∑ p yj x j ,θ
i−1( )( )

j=1

N

∏

p y x,θ( ) = p yn xn ,θ( )
n=1

N

∏
 
log ′L x,y,θ( ) = log α yn

pyn xn θ yn( )⎡
⎣

⎤
⎦

n
∑
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Q θ ,θ i−1( )( ) = …
y2=1

M

∑
y1=1

M

∑ log α yk
pyk xk θ yk( )⎡

⎣
⎤
⎦

k=1

N

∑
yN =1

M

∑ p yj x j ,θ
i−1( )( )

j=1

N

∏

= …
y2=1

M

∑
y1=1

M

∑ δ ,yk log α p xk θ ( )⎡⎣ ⎤⎦
=1

M

∑
k=1

N

∑
yN =1

M

∑ p yj x j ,θ
i−1( )( )

j=1

N

∏

to decouple the variables, we add one sum and one Kronecker’s delta... 

p yj x j ,θ
i−1( )( )

yj =1

M

∑ = 1

after the decoupling, we can use the normalization of 
conditional probabilities
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Q
⇣
✓,✓(i�1)

⌘
=

MX

`=1

NX

k=1

log [↵`p`(xk|✓`)]

MX

y1=1

MX

y2=1

· · ·
MX

yN=1

�`,yk

NY

j=1

p(yj |xj ,✓
(i�1)

)

=

MX

`=1

NX

k=1

log [↵`p`(xk|✓`)]

8
>><

>>:

MX

y1=1

· · ·
MX

yk�1=1

MX

yk+1=1

· · ·
MX

yN=1

�`,yk

NY

j=1
j 6=k

p
⇣
yj |xj ,✓

(i�1)
⌘
9
>>=

>>;
p
⇣
`|xj ,✓

(i�1)
⌘

=

MX

`=1

NX

k=1

log [↵`p`(xk|✓`)]

8
>><

>>:

NY

j=1
j 6=k

MX

yj=1

p
⇣
yj |xj ,✓

(i�1)
⌘
9
>>=

>>;
p
⇣
`|xj ,✓

(i�1)
⌘

=

MX

`=1

NX

k=1

log [↵`p`(xk|✓`)] p
⇣
`|xj ,✓

(i�1)
⌘

5

 
Q θ ,θ i−1( )( ) = …

y2=1

M

∑
y1=1

M

∑ δ ,yk log α p xk θ ( )⎡⎣ ⎤⎦
=1

M

∑
k=1

N

∑
yN =1

M

∑ p yj x j ,θ
i−1( )( )

j=1

N

∏

these sums all add to 1 (normalization 
of conditional probabilities)
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this depends only on the      parameters this term depends on the parameters of 
the component distributions

Thus, there are two terms that can be maximized separately. 
Moreover, the first term must be maximized with the normalization constraint, i.e. 

∂
∂αm

logα 
k=1

N

∑
=1

M

∑ p  xk ,θ
i−1( )( ) + λ α  −1

=1

M

∑⎛⎝⎜
⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ = 0

1
αm

p m xk ,θ
i−1( )( )

k=1

N

∑ + λ = 0

α
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Q
⇣
✓,✓(i�1)

⌘
=

MX

`=1

NX

k=1

ln [↵`p(`|xk,✓)] p`(xk,✓
(i�1))

=
MX

`=1

NX

k=1

ln↵` p`(xk,✓
(i�1)) +

MX

`=1

NX

k=1

ln p(`|xk,✓) p`(xk,✓
(i�1))
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p m xk ,θ
i−1( )( )

k=1

N

∑ = −λαm
1
αm

p m xk ,θ
i−1( )( )

k=1

N

∑ + λ = 0

λ = −N αm = 1
N

p m xk ,θ
i−1( )( )

k=1

N

∑

Edoardo Milotti - Advanced Statistics - A.Y. 2022-23 21

<latexit sha1_base64="BKyGYDI8kH85mEQKYGh17PARNfg="></latexit>

MX

m=1

NX

k=1

p
⇣
m|xk,✓

(i�1)
⌘
=

NX

k=1

MX

m=1

p
⇣
m|xk,✓

(i�1)
⌘
= N

= ��
MX

m=1

↵m



This is as far as we can go without introducing an explicit form for the 
component distributions: to evaluate the other term we explicitly consider the 
1D Gaussian mixture model:

p x µ,σ ( ) = 1
2πσ 

2
exp −

x − µ( )2
2σ 

2

⎛

⎝
⎜

⎞

⎠
⎟
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MX

`=1

NX

k=1

ln p`(xk,✓) p(`|xk,✓
(i�1)) =

MX

`=1

NX

k=1


�1

2
ln(2⇡�2

` )�
(xk � µ`)2

2�2
`

�
p(`|xk, µ

(i�1)
` ,�(i�1)

` )

@

@µm

MX

`=1

NX

k=1

ln p`(xk,✓) p(`|xk,✓
(i�1)) = �2

NX

k=1

(xk � µm)

2�2
m

p(m|xk, µ
(i�1)
m ,�(i�1)

m ) = 0



µm =
xk

k=1

N

∑ p m xk ,µm
i−1( ),σm

i−1( )( )
p m xk ,µm

i−1( ),σm
i−1( )( )

k=1

N

∑

moreover, if we let cm = 1 σ m
2
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@

@µm

MX

`=1

NX

k=1

ln p`(xk,✓) p(`|xk,✓
(i�1)) = �2

NX

k=1

(xk � µm)

2�2
m

p(m|xk, µ
(i�1)
m ,�(i�1)

m ) = 0

@

@cm

MX

`=1

NX

k=1

ln p`(xk,✓) p(`|xk,✓
(i�1)) =

@

@cm

MX

`=1

NX

k=1


�1

2
ln(2⇡�2

` )�
(xk � µ`)2

2�2
`

�
p(`|xk, µ

(i�1)
` ,�(i�1)

` )

=
NX

k=1


1

2cm
� 1

2
(xk � µm)2

�
p(m|xk, µ

(i�1)
m ,�(i�1)

m )

=
NX

k=1


�2
m

2
� 1

2
(xk � µm)2

�
p(m|xk, µ

(i�1)
m ,�(i�1)

m ) = 0



σm
2 =

xk − µm( )2
k=1

N

∑ p m xk ,µm
i−1( ),σm

i−1( )( )
p m xk ,µm

i−1( ),σm
i−1( )( )

k=1

N

∑
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@

@cm

MX

`=1

NX

k=1

ln p`(xk,✓) p(`|xk,✓
(i�1)) =

NX

k=1


�2
m

2
� 1

2
(xk � µm)2

�
p(m|xk, µ

(i�1)
m ,�(i�1)

m ) = 0



Finally we find the following set of recursive formulas, that 
combine the E and M steps: 

p m xk ,µm
i−1( ),σm

i−1( )( ) = αm
i−1( )pm xn µm

i−1( ),σm
i−1( )( )

αm
i−1( )pm xn µm

i−1( ),σm
i−1( )( )

k=1

M

∑

pm x µm ,σm( ) = 1
2πσm

2
exp −

x − µm( )2
2σm

2

⎛

⎝
⎜

⎞

⎠
⎟

µm
i( ) =

xk
k=1

N

∑ p m xk ,µm
i−1( ),σm

i−1( )( )
p m xk ,µm

i−1( ),σm
i−1( )( )

k=1

N

∑
σ m

i( )( )2 =
xk − µm

i( )( )2
k=1

N

∑ p m xk ,µm
i−1( ),σ m

i−1( )( )
p m xk ,µm

i−1( ),σ m
i−1( )( )

k=1

N

∑

αm
i( ) = 1

N
p m xk ,µm

i−1( ),σ m
i−1( )( )

k=1

N

∑
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We remark that the probabilities 

p yn xn ,θ( ) =
α yn

pyn xn θ yn( )
α k pk xn θ k( )

k=1

M

∑

are an estimate of the frequencies of the yn using the observed 
data xn, and this amounts to a classification (selection of one of 
the component distributions).
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Easy-to-understand example: waiting times between eruptions of the Old 
Faithful Geiser (Yellowstone National Park – Wyoming)

50 60 70 80 90
0

5

10

15

20

25

Waiting time (min)

Gaussian mixture model for waiting 
time distribution
(R example) 
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In this case, the mixture model has two Gaussian components

where the vector of parameters is

The resulting log likelihood with n waiting times wi is 

✓ = (↵, µ1, µ2,�1,�2)

lnL =
X

i

ln [↵N(wi;µ1,�1) + (1� ↵)N(wi;µ2,�2)]

p(w|✓) = ↵N(w;µ1,�1) + (1� ↵)N(w;µ2,�2)
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Again, we substitute the likelihood with the new one

where the new, unobserved data yi are indicator variables that select extraction 
from the first (yi = 1) or the second (yi = 0) Gaussian.  

Then 

L =
Y

i

↵yi(1� ↵)1�yi [N(wi;µ1,�1)]
yi [N(wi;µ2,�2)]

1�yi

lnL =
X

i


yi ln↵+ (1� yi) ln(1� ↵) + yi

✓
�1

2
ln(2⇡�1)�

(wi � µ1)2

2�2
1

◆

+(1� yi)

✓
�1

2
ln(2⇡�2)�

(wi � µ2)2

2�2
2

◆�
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The probability that a given 
time interval belongs to the 
first Gaussian is

this probability is also equal to the mean 
value of the indicator variable

pi =
↵⇥N(wi;µ1,�1)

↵⇥N(wi;µ1,�1) + (1� ↵)⇥N(wi;µ2,�2)

=
↵(k) exp[�(wi � µ(k)

1 )2/2(�(k)
1 )2]/

q
2⇡(�(k)

1 )2

↵(k) exp[�(wi � µ(k)
1 )2/2(�(k)

1 )2]/
q
2⇡(�(k)

1 )2 + (1� ↵(k)) exp[�(wi � µ(k)
2 )2/2(�(k)

2 )2]/
q

2⇡(�(k)
2 )2
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Now, averaging the log likelihood with respect to the missing data we find

(the mean value of the indicator variable is equal to the current estimate 
probability a)

Next we maximize with respect to all the remaining parameters, and we find: 
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Finally we have the following set of equations: 
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Waiting time (min)

Comparison of the original data with the mixture model obtained with the EM 
algorithm


