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General remarks

• highest possible frequency for a system of given size

• frequency of dominant gravitational radiation, from dimensional analysis
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Examples: 

R = 106 m  f < 300 Hz
R = 109 m  f < 0.3 Hz
R = 1012 m f < 300 µHz

Examples: 

r = 2.8 1017 kg/m3   f ~ 4 kHz
r = 109 kg/m3   f ~ 0.25 Hz
r = 103 kg/m3   f ~ 250 µHz
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General remarks (ctd.)

• Energy flux carried by gravitational waves 
     (see also the handout on The stress-energy tensor of gravitational waves and the energy flux, eqs. (7)-(8))

     Therefore, for a gravitational wave with frequency f and circular polarization, with amplitude h,

      Then for a burst of duration t, with total energy E, at distance r, we find
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Distance to 
Virgo cluster is 
about 18 Mpc 
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Compact binary coalescences (inspiral phase)

3D visualization of gravitational waves produced by a binary 
black hole. [Image: Henze, NASA]

Signal from a BBH coalescence

Signal from a BBH coalescence + actual noise

Much material here is taken from https://www.ligo.org/science/GW-Sources.php 
and  https://www.ligo.caltech.edu/page/gw-sources 

https://www.ligo.org/science/GW-Sources.php
https://www.ligo.caltech.edu/page/gw-sources
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There are three subclasses of "compact binary" systems in this category:

•Binary Neutron Star (BNS)
•Binary Black Hole (BBH)
•Neutron Star-Black Hole Binary (NSBH)

Each binary pair creates a unique pattern of gravitational waves, but the mechanism of wave-generation is the 
same across all three. 

The masses of the objects involved dictate how long they emit detectable gravitational waves. Heavy objects, like 
black holes, move through their final inspiral phase much more rapidly than 'lighter' objects, like neutron stars.

This means that black-hole merger signals are much shorter than neutron star merger signals, and the differences 
are quite striking. For example, the first pair of merging black holes that were detected produced a signal 
just two-tenths of a second long. In contrast, the first neutron star merger detected in August 2017 generated a 
signal over 100 seconds long in our instruments.
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The GW interferometers convert the space-time distortion signals into an audible sound called a "chirp" so we can all, in 
a sense, 'hear' the final moments of the lives of two black holes and two neutron stars. 

The objects in the first detected CBC signal had been orbiting each other for billions of years; the video below captures 
the last fraction of a second or few seconds of that lifetime together. The signal is played several times, repeating the 
chirp first in its natural frequency--the low 'thump'--and then increased to make it easier to hear.

https://www.youtube.com/watch?v=QyDcTbR-kEA&t=1s 

https://www.youtube.com/watch?v=QyDcTbR-kEA&t=1s
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The second video is the chirp of the 2017 neutron star merger (only the last 32 seconds of the signal are included in 
the video).

https://www.youtube.com/watch?v=_SQbaILipjY&t=1s
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Continuous gravitational waves 

• Continuous gravitational waves are produced by systems that have a fairly constant and well-defined 
frequency. 

• Examples of these are binary systems of stars or black holes orbiting each other (long before merger), or a 
single star swiftly rotating about its axis with a large mountain or other irregularity on it. 

• These sources are expected to produce comparatively weak gravitational waves since they evolve over 
longer periods of time and are usually less catastrophic than sources producing inspiral or burst 
gravitational waves. 

• The sound these gravitational waves would produce is a continuous tone since their frequency is nearly 
constant.

• In practice, the most important search targets for continuous gravitational waves are neutron stars in our 
own Galaxy. Once we reach sufficient detector sensitivity to find such a signal, we expect we can observe 
it continuously for many months or years
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A short snippet of an example gravitational-wave strain signal from a continuous gravitational-wave source. 
Note how the peaks and troughs of the waves come at equal time intervals (hence, constant frequency) and 
how the height of each peak and trough is the same (constant amplitude). [Image: A. Stuver/LIGO]



NSs are extremely compact objects — with masses similar to the Sun compressed into a ball of about 10 kilometers in 
radius — formed in the aftermath of massive stars which undergo supernova explosions at the end of their life.

NSs may be rapid rotators, spinning with frequencies up to several hundred times per second. A rotating NS may emit 
detectable CWs, with a frequency of twice the star's spin frequency, if it possesses an asymmetry with respect to its 
rotational axis. 
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Artist's depiction of a super dense and compact neutron star. 
[Credit: Casey Reed/Penn State University]
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The Motion of RX J185635-3754 – One of the nearest neutron stars to Earth

This photograph is the sum of three Hubble Space Telescope images. North is down, east is to the right. The image, taken by the Wide Field and 
Planetary Camera 2, is 8.8 arc seconds across (west to east), and 6.6 arc seconds top-to-bottom (south to north). 
All stars line up in this composite picture, except the neutron star, which moves across the image in a direction 10 degrees south of east. The three 
images of the neutron star are labeled by date. The proper motion is 1/3 of an arc second per year. The small wobble caused by parallax (not visible in 
the image) has a size of 0.016 arc seconds, giving a distance of 200 light-years. (see also https://hubblesite.org/contents/news-releases/2000/news-
2000-35.html#:~:text=Of%20the%20isolated%2C%20non%2Dpulsing,age%2C%20is%20not%20yet%20known.)

https://hubblesite.org/contents/news-releases/2000/news-2000-35.html
https://hubblesite.org/contents/news-releases/2000/news-2000-35.html
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Introduction to Neutron Stars
James M. Lattimer

Dept. of Physics & Astronomy, Stony Brook University, Stony Brook, NY 11794-3800 USA

Abstract. Neutron stars contain the densest form of matter in the present universe. General relativity and causality set
important constraints to their compactness. In addition, analytic GR solutions are useful in understanding the relationships that
exist among the maximum mass, radii, moments of inertia, and tidal Love numbers of neutron stars, all of which are accessible
to observation. Some of these relations are independent of the underlying dense matter equation of state, while others are very
sensitive to the equation of state. Recent observations of neutron stars from pulsar timing, quiescent X-ray emission from
binaries, and Type I X-ray bursts can set important constraints on the structure of neutron stars and the underlying equation of
state. In addition, measurements of thermal radiation from neutron stars has uncovered the possible existence of neutron and
proton superfluidity/superconductivity in the core of a neutron star, as well as offering powerful evidence that typical neutron
stars have significant crusts. These observations impose constraints on the existence of strange quark matter stars, and limit
the possibility that abundant deconfined quark matter or hyperons exist in the cores of neutron stars.
Keywords: Neutron Stars, Pulsars, Dense Matter Equation of State, Quark Matter
PACS: PACS 26.60.-c, 97.60.Gb, 97.60.Jd

INTRODUCTION

Neutron stars are the ideal laboratories to test theories of dense matter physics and general relativity, and are among
the most amazing objects in the universe. Among their fascinating properties are:

• The densest objects this side of an event horizon, with a mean density ≈ 1015 g cm−3. Four teaspons contain as
much mass as the Moon.

• The largest surface gravity, about 1014 cm s−2, or 100 billion times Earth’s gravity.
• The fastest spinning macroscopic objects. A pulsar, PSR J1748-2446ad in the globular cluster Terzan 5, has a

spin rate of 714 Hz [1], so that its surface velocity at the equator is about c/4.
• The larges magnetic field strength, of order 1015 G.
• The highest temperature superconductor, with a critical temperature of a few billion K, has been deduced for the

core superfluid neuitrons in the remnant of the Cassiopeia A supernova [2, 3].
• The highest temperatures, outside the Big Bang, exist at birth or in merging neutron stars, about 700 billion K.
• The pulsar PSR B1508+55 has a spatial velocity in excess of 1100 km s−1 [4].
• Neutron stars at birth or in matter from merging neutron stars are the only places in the universe, apart from the

Big Bang, where neutrinos become trapped and must diffuse through high density matter to eventually escape.

Some important milestones concerning discoveries about neutron stars include:

1920 Rutherford predicts existence of the neutron.
1931 Landau anticipates single-nucleus stars (not precisely neutron stars).
1932 Chadwick discovers the neutron.
1934 W. Baade and F. Zwicky [5] suggest that neutron stars are the end product of supernovae.
1939 Oppenheimer and Volkoff [6] find that general relativity predicts a maximum mass for neutron stars.
1964 Hoyle, Narlikar and Wheeler [7] predict that neutron stars rotate rapidly.
1965 Hewish and Okoye [8] discover an intense radio source in the Crab nebulae, later shown to be a neutron star.
1966 Colgate and White [9] perform simulations of core-collapse supernovae resulting in formation of neutron stars.
1967 C. Schisler discovers a dozen pulsing radio sources, including the Crab, using classified military radar. He

revealed his discoveries in 2007. Later in 1967 Hewish, Bell, Pilkington, Scott and Collins [10] discover PSR
1919+21 (Hewish receives 1974 Nobel Prize).

Exotic Nuclei and Nuclear/Particle Astrophysics (V). From Nuclei to Stars
AIP Conf. Proc. 1645, 61-78 (2015); doi: 10.1063/1.4909560

©   2015 AIP Publishing LLC 978-0-7354-1284-2/$30.00
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1968 Crab pulsar discovered [11] and pulse period found to be increasing, characteristic of spinning stars but not
binaries or vibrating stars. This also clinched the connection with supernovae. The term ’pulsar’ first appears in
print in the Daily Telgraph.

1969 "Glitches" observed [12], providing evidence for superfluidity in the neutron star crust [13].
1971 Accretion powered X-ray pulsars discovered by the Uhuru satellite [14].
1974 The first binary pulsar, PSR 1913+16, discovered by Hulse and Taylor [15] (Nobel Prize 1993). It’s orbital

decay is the first observation [16] proving existence of gravitational radiation. Lattimer and Schramm [17] suggest
decompressing neutron star matter from merging compact binaries leads to synthesis of r-process elements.

1982 The first millisecond pulsar, PSR B1937+21, discovered by Backer et al. [18]
1996 Discovery of the closest neutron star RX J1856-3754 by Walter et al. [19].
1998 Kouveliotou discovers the first magnetar [20].

This contribution summarizes two lectures on many aspects of neutrons stars, including their structure, the role of the
dense matter equation of state (EOS), their formation and evolution, and existing observational contraints. The most
accurate observational constraints, for neutron star masses and spin rates, originate from pulsars, which will be one
focus of this contribution. Constraints on other properties of neutron stars, most importantly their radii, are not as well
determined. A focus of this contribution will be to examine radius and mass constraints stemming from observations of
photospheric radius expansion X-ray bursts and from thermal emissions from quiescent low-mass X-ray binaries. It has
been shown that many properties of neutron stars, especially their radii, can be linked to properties of nuclear matter
near the nuclear saturation density (the normal density inside atomic nuclei). Therefore, experimental constraints on
the properties of nuclear matter from the laboratory will form another focus of this contribution, and further constraints
on neutron star properties will be discussed.

NEUTRON STAR STRUCTURE

Assuming the correctness of general relativity, Oppenheimer and Volkoff [6] showed that the equations governing
hydrostatic equilibrium for a spherically symmetric object are

d p
dr

=− G
c2

(m+4πr3 p/c2)(ε + p)
r(r−2GM/c2)

,
dm
dr

= 4π ε
c2 r2, (1)

where p is the pressure and ε is the mass-energy density, r is the radial coordinate and m is the gravitational mass
enclosed within r. The EOS enters only through the relation p(ε). Boundary conditions are m(r = 0) = 0 and
p(r = R) = 0 where R is the radial coordinate of the surface. To solve these equations using a given EOS, one begins
with central values ε(r = 0) = εc, p(r = 0) = pc and m(r = 0) = 0 and integrates in r until the surface r = R is reached
where p(r = R) = 0. Normal neutron stars have the property that ε(r = R) = 0, but another type of star, the self-bound
configuration, does not have this property. Figure 1 shows how the mass-radius (M(R)) relation is generated for normal
matter.

A notable feature of the M(R) curve is the existence of a maximum mass: configurations with smaller radii
are dynamically unstable and collapse to black holes. This feature is largely due to the factor r − 2Gm/c2 in the
denominator of Eq. (1). At large R ∼ 300 km, M approaches the minimum neutron star mass, about 0.1M⊙. It is
also notable that configurations between 1M⊙ and 1.8M⊙ have nearly identical radii R, and that the M(R) curve turns
vertical when εc >∼ 2εs. These latter two features of the M(R) curve can be understood from the M(R) relation deduced
for a polytropic (p = Kεγ ) EOS in the Newtonian limit:

M ∝ K1/(2−γ)R(4−3γ)/(2−γ). (2)

At subsaturation densities, matter is dominated by relativistic electron degeneracy pressure for which γ = 4/3: in this
case of small masses M ∝ K3/2R0 and the mass becomes independent of the radius. For matter near and moderately
larger than ns, applicable to intermediate masses, one has γ ≈ 2 in which case R ∝ K1/2M0 so that the radius becomes
independent of the mass, but dependent upon the EOS.

A few useful analytic solutions exist, including

Incompressible fluid ε = constant [21]
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It has been suggested that, when the pressure within stellar matter becomes high enough,
a new phase consisting of neutrons will be formed. In this paper we study the gravitational
equilibrium of masses of neutrons, using the equation of state for a cold Fermi gas, and general
relativity. For masses under —,Q only one equilibrium solution exists, which is approximately
described by the nonrelativistic Fermi equation of state and Newtonian gravitational theory.
For masses —,'Q &m&-,'Q two solutions exist, one stable and quasi-Newtonian, one more
condensed, and unstable. For masses greater than 4 Q there are no static equilibrium solutions.
These results are qualitatively confirmed by comparison with suitably chosen special cases
of the analytic solutions recently discovered by Tolman. A discussion of the probable eEect
of deviations from the Fermi equation of state suggests that actual stellar matter after the
exhaustion of thermonuclear sources of energy will, if massive enough, contract indefinitely,
although more and more slowly, never reaching true equilibrium.

I. INTRoDUcTIQN
~OR the application of the methods commonly

used in attacking the problem of stellar
structure' the distribution of energy sources and
their dependence on the physical conditions
within the star must be known. Since at the time
of Eddington's original studies not much was
known about the physical processes responsible
for the generation of energy within a star,
various mathematically convenient assumptions
were made in regard to the energy sources, and
these led to different star models (e.g. the
Eddington model, the point source model, etc.).
It was found that with a given equation of state
for the stellar material many important properties
of the solutions (such as the mass-luminosity
law) were quite insensitive to the choice of
assumptions about the distribution of energy
sources, but were common to a wide range of
models.
In 1932 Landau' proposed that instead of

making arbitrary assumptions about energy
sources chosen merely for mathematical con-
venience, one should attack the problem by first
investigating the physical nature of the equi-
librium of a given mass of material in which no
energy is generated, and from which there is no
radiation, presumably in the hope that such an
~A. Eddington, The Internal Constitution of the Stars

(Cambridge University Press, 1926); B. Stromgren,
Ergebn. Exakt. Naturwiss. 10, 465 (1937);Short summary
in G. Gamow, Phys. Rev. 53, 595 (1938).' L. Landau, Physik. Zeits. Sowjetunion 1, 285 (1932).

3

investigation would afford some insight into the
more general situation where the generation of
energy is taken into account. Although such a
model gives a good description of a white dwarf
star in which most of the material is supposed to
be in a degenerate state with a zero point energy
high compared to thermal energies of even 10'
degrees, and such that the pressure is determined
essentially by the density only and not by the
temperature, still it would fail completely to
describe a normal main sequence star, in which
on the basis of the Eddington model the stellar
material is nondegenerate, and the existence of
energy sources and of the consequent temperature
and pressure gradients plays an important part in
determining the equilibrium conditions. The
stability of a model in which the energy sources
have to be taken into account is known to depend
also on the temperature sensitivity of the energy
sources and on the presence or absence of a
time-lag in their response to temperature changes.
However, if the view which seems plausible at
present is adopted that the principal sources of
stellar energy, at least in main sequence stars, are
thermonuclear reactions, then the limiting case
considered by Landau again becomes of interest
in the discussion of what will eventually happen
to a normal main sequence star after all the
elements available for thermonuclear reactions
are used up. Landau showed that for a model
consisting of a cold degenerate Fermi gas there
exist no stable equilibrium configurations for

74
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Simple exercise: derive the Newtonian version of the Oppenheimer-Volkov equation for 
pressure and mass of a neutron star

energy density
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mass up to radius r
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1968 Crab pulsar discovered [11] and pulse period found to be increasing, characteristic of spinning stars but not
binaries or vibrating stars. This also clinched the connection with supernovae. The term ’pulsar’ first appears in
print in the Daily Telgraph.

1969 "Glitches" observed [12], providing evidence for superfluidity in the neutron star crust [13].
1971 Accretion powered X-ray pulsars discovered by the Uhuru satellite [14].
1974 The first binary pulsar, PSR 1913+16, discovered by Hulse and Taylor [15] (Nobel Prize 1993). It’s orbital

decay is the first observation [16] proving existence of gravitational radiation. Lattimer and Schramm [17] suggest
decompressing neutron star matter from merging compact binaries leads to synthesis of r-process elements.

1982 The first millisecond pulsar, PSR B1937+21, discovered by Backer et al. [18]
1996 Discovery of the closest neutron star RX J1856-3754 by Walter et al. [19].
1998 Kouveliotou discovers the first magnetar [20].

This contribution summarizes two lectures on many aspects of neutrons stars, including their structure, the role of the
dense matter equation of state (EOS), their formation and evolution, and existing observational contraints. The most
accurate observational constraints, for neutron star masses and spin rates, originate from pulsars, which will be one
focus of this contribution. Constraints on other properties of neutron stars, most importantly their radii, are not as well
determined. A focus of this contribution will be to examine radius and mass constraints stemming from observations of
photospheric radius expansion X-ray bursts and from thermal emissions from quiescent low-mass X-ray binaries. It has
been shown that many properties of neutron stars, especially their radii, can be linked to properties of nuclear matter
near the nuclear saturation density (the normal density inside atomic nuclei). Therefore, experimental constraints on
the properties of nuclear matter from the laboratory will form another focus of this contribution, and further constraints
on neutron star properties will be discussed.

NEUTRON STAR STRUCTURE

Assuming the correctness of general relativity, Oppenheimer and Volkoff [6] showed that the equations governing
hydrostatic equilibrium for a spherically symmetric object are

d p
dr

=− G
c2

(m+4πr3 p/c2)(ε + p)
r(r−2GM/c2)

,
dm
dr

= 4π ε
c2 r2, (1)

where p is the pressure and ε is the mass-energy density, r is the radial coordinate and m is the gravitational mass
enclosed within r. The EOS enters only through the relation p(ε). Boundary conditions are m(r = 0) = 0 and
p(r = R) = 0 where R is the radial coordinate of the surface. To solve these equations using a given EOS, one begins
with central values ε(r = 0) = εc, p(r = 0) = pc and m(r = 0) = 0 and integrates in r until the surface r = R is reached
where p(r = R) = 0. Normal neutron stars have the property that ε(r = R) = 0, but another type of star, the self-bound
configuration, does not have this property. Figure 1 shows how the mass-radius (M(R)) relation is generated for normal
matter.

A notable feature of the M(R) curve is the existence of a maximum mass: configurations with smaller radii
are dynamically unstable and collapse to black holes. This feature is largely due to the factor r − 2Gm/c2 in the
denominator of Eq. (1). At large R ∼ 300 km, M approaches the minimum neutron star mass, about 0.1M⊙. It is
also notable that configurations between 1M⊙ and 1.8M⊙ have nearly identical radii R, and that the M(R) curve turns
vertical when εc >∼ 2εs. These latter two features of the M(R) curve can be understood from the M(R) relation deduced
for a polytropic (p = Kεγ ) EOS in the Newtonian limit:

M ∝ K1/(2−γ)R(4−3γ)/(2−γ). (2)

At subsaturation densities, matter is dominated by relativistic electron degeneracy pressure for which γ = 4/3: in this
case of small masses M ∝ K3/2R0 and the mass becomes independent of the radius. For matter near and moderately
larger than ns, applicable to intermediate masses, one has γ ≈ 2 in which case R ∝ K1/2M0 so that the radius becomes
independent of the mass, but dependent upon the EOS.

A few useful analytic solutions exist, including

Incompressible fluid ε = constant [21]
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The complete, relativistic equation, contains corrections that involve the mass-energy 
density (the energy density and pressure are connected by the Equation Of State, EOS). 

computation. One of our intentions is to establish a frame-
work for students to interact with their own computer pro-
gram, and in the process learn about the physical scales in-
volved in the structure of compact degenerate stars.

II. THE TOLMAN–OPPENHEIMER–VOLKOV
EQUATION

A. Newtonian formulation

A good first exercise for the student is to derive the fol-
lowing structure equations for stars from classical mechan-
ics,

dp
dr !"

G!"r #M"r #
r2 !"

G$"r #M"r #
c2r2 , "1#

dM"r #
dr !4%r2!"r #!

4%r2$"r #
c2 , "2#

M"r #!4%!
0

r
r!2 dr! !"r!#!4%!

0

r
r!2 dr! $"r!#/c2.

"3#
Here G!6.673#10"8 dyne cm2/g2 is Newton’s gravita-
tional constant, !(r) is the mass density at the distance r in
g/cm3, and $ is the corresponding energy density in
ergs/cm3.12 The quantity M(r) is the total mass inside the
sphere of radius r . A sufficient hint for the derivation is
shown in Fig. 1.
Challenge question: Eqs. "1#–"3# hold for any value of r ,

not just the large r situation depicted in Fig. 1. Derive these
results in spherical coordinates where the box becomes a
cutoff wedge.
Note that in the second halves of Eqs. "1#–"3#, we have

departed slightly from Newtonian physics and have ex-
pressed the energy density $(r) in terms of the mass density
!(r) according to the famous Einstein equation from special
relativity,

$"r #!!"r #c2. "4#

This definition allows Eq. "1# to be used when we take into
account contributions of the interaction energy between the
particles making up the star.
To solve Eqs. "1#–"3# for p(r) and M(r), we can inte-

grate from the origin, r!0, to the point r!R where the
pressure goes to zero. This point defines R as the radius of
the star. We will need an initial value of the pressure at r
!0, call it p0 ; R and the total mass of the star, M(R)
&M , will depend on the value of p0 . To be able to perform
the integration, we need to know the energy density $(r) in
terms of the pressure p(r). This relation is the equation of
state for the matter making up the star. Thus, a lot of the
effort in this project will be directed to developing an appro-
priate equation of state.

B. General relativistic corrections

The Newtonian formulation presented in Sec. II A works
well in regimes where the mass of the star is not so large that
it significantly ‘‘warps’’ space–time. That is, integrating Eqs.
"1# and "2# will work well in cases for which general relativ-
istic effects are not important, such as for the compact stars
known as white dwarfs. "General relativistic effects become
important when the ratio GM /c2R becomes non-negligible,
as is the case for typical neutron stars#.
It is probably not to be expected that an undergraduate

physics major will be able to derive the general relativistic
corrections to Eqs. "1#–"3#. For that, we can look at various
derivations of the Tolman–Oppenheimer–Volkov "TOV#
equation.6,11 It is sufficient to simply state the corrections to
Eq. "1# in terms of three additional "dimensionless# factors,

dp
dr !"

G$"r #M"r #
c2r2 "1$

p"r #
$"r # #"1$

4%r3p"r #
M"r #c2 #

#"1"
2GM"r #

c2r #"1

. "5#

The first two factors in the square brackets in Eq. "5# repre-
sent special relativity corrections of order v2/c2. These fac-
tors enter because, in the nonrelativistic limit, the pressure p
varies as kF

2 /2m!mv2/2 'see Eq. "13#(, while $ and Mc2
vary as mc2. These factors reduce to 1 in the nonrelativistic
limit. "By now the student should realize that p and $ have
the same dimensions.# The last set of brackets in Eq. "5# is a
general relativistic correction. Equation "2# for M(r) re-
mains unchanged.
Note that the correction factors are all positive definite. It

is as if Newtonian gravity becomes stronger for any value of
r . That is, relativity strengthens the relentless pull of gravity.
Equations "5# and "2#, involve a balance between gravita-

tional forces and the internal pressure. The pressure is a
function of the equation of state, and for certain conditions it
may not be sufficient to withstand the gravitational attrac-
tion. Thus the structure equations imply there is a maximum
mass that a star can have. The resultant coupled nonlinear
equations for p(r) and M(r) can be integrated from r!0 to
the point R where p(R)!0 to determine the star mass M
!M(R) for a given value of p0 .

Fig. 1. Diagram for the derivation of Eq. "1#.
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Ap(r) = Ap(r + dr) +
G[⇢(r)Adr]M(r)

r2
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cRPSXWeUV, Whe MANIAC³a URRP fXOO Rf YacXXP WXbeV aQd ZiUeV WhaW had
beeQ cRQVWUXcWed aW Whe PUiQceWRQ IQVWiWXWe fRU AdYaQced SWXd\ fRU XVe iQ
Whe deVigQ Rf Whe h\dURgeQ bRPb. WiWh Whe MANIAC, WaNaQR cRXOd
cUXQch RXW Whe VWUXcWXUe Rf each VWaU iQ OeVV WhaQ aQ hRXU.

BR[ 5.5
The HaUUiVRn²WheeleU ETXaWiRn Rf SWaWe fRU CRld, Dead

MaWWeU

The dUaZiQg abRYe deSicWV Whe HaUUiVRQ²WheeOeU eTXaWiRQ Rf VWaWe. PORWWed
hRUi]RQWaOO\ iV Whe PaWWeU·V deQViW\. PORWWed YeUWicaOO\ iV iWV UeViVWaQce WR
cRPSUeVViRQ (RU adiabaWic iQde[, aV Sh\ViciVWV OiNe WR caOO iW)³Whe
SeUceQWage iQcUeaVe iQ SUeVVXUe WhaW accRPSaQieV a 1 SeUceQW iQcUeaVe iQ

In order to study the final states of stars, we 
need an equation of state for the kind of 
matter from which dead stars are made: matter 
at the end point of thermonuclear evolution. 

The equation of state for such matter was 
calculated in 1958 by B.K.Harrison and J.A. 
Wheeler from a knowledge of the physics of 
the nucleus.
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The UeVXOWV Rf WaNaQR·V caOcXOaWiRQV aUe VhRZQ iQ FigXUe 5.5. ThiV
ÀgXUe iV Whe ÀUP aQd ÀQal caWalRg Rf cRld, dead RbjecWV; iW aQVZeUV all Whe
TXeVWiRQV Ze UaiVed, eaUl\ iQ WhiV chaSWeU, iQ RXU diVcXVViRQ Rf FigXUe 5.3.

IQ FigXUe 5.5, Whe ciUcXPfeUeQce Rf a VWaU iV SORWWed UighWZaUd aQd iWV
PaVV XSZaUd. AQ\ VWaU ZiWh ciUcXPfeUeQce aQd PaVV iQ Whe ZhiWe UegiRQ Rf
Whe ÀgXUe haV a VWURQgeU iQWeUQaO gUaYiW\ WhaQ iWV SUeVVXUe, VR iWV gUaYiW\
PaNeV Whe VWaU VhUiQN OefWZaUd iQ Whe diagUaP. AQ\ VWaU iQ Whe Vhaded UegiRQ
haV a VWURQgeU SUeVVXUe WhaQ gUaYiW\, VR iWV SUeVVXUe PaNeV Whe VWaU e[SaQd
UighWZaUd iQ Whe diagUaP. OQO\ aORQg Whe bRXQdaU\ Rf ZhiWe aQd Vhaded dR
gUaYiW\ aQd SUeVVXUe baOaQce each RWheU SeUfecWO\; WhXV, Whe bRXQdaU\ cXUYe
iV Whe cXUYe Rf cROd, dead VWaUV WhaW aUe iQ SUeVVXUe/gUaYiW\ eTXiOibUiXP.

5.5 The ciUcXmfeUenceV (SlRWWed hRUi]RnWall\), maVVeV (SlRWWed YeUWicall\), and
cenWUal denViWieV (labeled Rn cXUYe) fRU cRld, dead VWaUV, aV cRmSXWed b\ MaVami
WakanR XndeU Whe diUecWiRn Rf JRhn WheeleU, XVing Whe eTXaWiRn Rf VWaWe Rf BR[
5.5. AW cenWUal denViWieV abRYe WhRVe Rf an aWRmic nXcleXV (abRYe 2 [ 1014 gUamV
SeU cXbic cenWimeWeU), Whe VRlid cXUYe iV a mRdeUn, 1990V, Rne WhaW WakeV SURSeU
accRXnW Rf Whe nXcleaU fRUce, and Whe daVhed cXUYe iV WhaW Rf OSSenheimeU and
VRlkRff ZiWhRXW nXcleaU fRUceV.

AV RQe PRYeV aORQg WhiV eTXilibUiXP cXUYe, RQe iV WUaciQg RXW dead
´VWaUVµ Rf higheU aQd higheU deQViWieV. AW Whe ORZeVW deQViWieV (aORQg Whe
bRWWRP edge Rf Whe ÀgXUe aQd OaUgeO\ hiddeQ fURP YieZ), WheVe ´VWaUVµ aUe
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quark stars? 
exotic stars?
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The NICER instrument onboard the ISS

The X-ray Timing Instrument (XTI) consists of an array of 
56 X-ray “concentrator” optics and matching silicon 
detectors, which record the times of arrival (100 ns 
resolution) and energies of individual X-ray photons (0.2-
12 keV). The payload uses an on-board GPS receiver to 
register photon detections to precise GPS time and 
position, while a star-tracker camera guides the pointing 
system, which uses gimbaled actuators to track targets 
with the XTI. 

Neutron star Interior Composition ExploreR
https://heasarc.gsfc.nasa.gov/docs/nicer/ 

https://heasarc.gsfc.nasa.gov/docs/nicer/
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J0030+0451, is an isolated pulsar that spins roughly 200 times per second and is 337 
parsecs (1,100 light years) from Earth, in the constellation Pisces. M ≈ 1.3 – 1.4 Mo; 
radius ≈ 13 km

Hotspots rotate in two scenarios for the pulsar J0030+0451, based on analysis of NICER data.Credit: 
NASA’s Goddard Space Flight Center/CI Lab
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Individual neutron stars, whether isolated or in binary systems, can radiate gravitational 
waves if they spin (which almost all of them do) and if they are somehow significantly non-
axisymmetric.

The non-axisymmetries:

• may come from irregularities in the crust, perhaps from strains that have built up as the 
stars have spun down or perhaps from irregularities associated with their formation that 
became frozen in as the star cooled;

• they can be dynamical, such as normal modes of pulsation that are excited in some way, 
or precession that is driven by the accretion of angular momentum;

• they may be associated with the off-axis magnetic field of an active pulsar.
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Over longer durations, the frequency of the signal will slowly 
change, for two reasons. 
• The first reason is that, as the neutron star emits gravitational 

and electromagnetic waves, it loses energy which causes it to 
rotate more slowly. 

• The second reason is that the detector here on Earth is moving 
with respect to the neutron star, which changes the frequency of 
the gravitational waves observed in the detector.

The figure shows the long-term frequency evolution of a 
continuous gravitational-wave signal. The top panel shows the 
frequency, in blue, changing with a daily cycle due to the rotation 
of the Earth. The middle panel zooms out to show the frequency, in 
red, changing on a year's time scale due to the orbit of the Earth 
around the Sun. The bottom panel zooms out further to show how 
the frequency, in green, slowly decreases due to the rotation of the 
neutron star itself slowing down over many years.

Tracking all possible frequency changes is what makes the 
detection of continuous gravitational waves a computational 
challenge. [Image: K. Wette]
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• According to current theoretical models and previous LIGO–Virgo CW searches, such an asymmetric bulge 
(sometimes also called a “mountain”, “raised plateau” or deformation on one side of the NS) would be at 
most just a few centimeters high. 

• The bigger the NS asymmetry is, the stronger GWs it generates. For example, a bulge of a few centimeters 
corresponds to a deformation of a NS from spherical symmetry — also called the ellipticity — of a few 
parts per million. 

• Determining a NS ellipticity is not easy, but once detected it will provide a truly unique insight into the 
properties of the extremely dense matter and strong magnetic fields of which the star is composed. 
Currently these properties are very poorly known. 

• In addition to about 3000 NSs known to astronomers because they are electromagnetically bright (for 
example, as radio pulsars), our Galaxy, the Milky Way, is estimated to contain as many as 100 million NSs 
not visible in electromagnetic radiation because they are either too faint to be detected, or their 
electromagnetic emission is not directed towards Earth. However, if any of these NSs are sufficiently 
asymmetric, they may emit GWs detectable by our interferometers. 
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The observed spindown of radio pulsars is presumed to be driven primarily by the emission of a wind of energetic particles 
and of low-frequency electromagnetic waves from the spinning dipole magnetic moment. 

The radio waves that we observe carry very little energy, so we have no direct observations of the spindown mechanism. 
This leaves room for the possibility that gravitational radiation contributes a significant amount to the spindown as well.

By using the spindown to place an upper limit on h, essentially from equation 

where the energy is the kinetic energy of rotation of the pulsar and the timescale τ is the spindown timescale, one finds 
upper limits on the gravitational radiation from the Crab and Vela pulsars that is of the order of 10−24.

The energy loss rate is also related to the non-axisymmetric ellipticity 𝜖 = 1 − 𝑎!/𝑎", where 𝑎" is the semimajor axis of the 
equatorial section and 𝑎! the semiminor axis. The formula shows the dependence of the ellipticity on the spin period P of 
the pulsar and on its rate of change by
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Detectable neutron star ellipticity during the run O3 of the LVK 
Collaboration, as a function of the GW frequency at distances of 
10 kpc, 1 kpc, 100 pc, and 10 pc (from top to bottom). Results 
from the FrequencyHough pipeline are marked in black, from 
SkyHough in red and from the Time-Domain F-statistic in blue.

The figure shows additional astrophysical information from 
the search performed during O3. It displays the relation 
between the frequency, spin-down and distance of a 
potentially detectable source. For instance, at frequency 
200 Hz we would be able to detect a CW signal from a NS 
within a distance of 100 pc (parsecs) if its ellipticity were at 
least 3×10−7. 

Similarly, in the middle frequency range, around 550 Hz, we 
would be able to detect the CW signal up to a distance of 1 
kpc (1000 parsecs), with ellipticity greater than 5 × 10−7. 

For comparison, the radius of our Galaxy is about 15 kpc.

Although no detection can be claimed, our results are 
nevertheless interesting from the astrophysical point of 
view and shed more light on the properties of Galactic NSs.

Our upper limits are starting to probe the range of 
ellipticities up to 10−7 – 10−6 for some models of younger 
NSs in which the deformation is not supported by the 
elasticity of the crust, but by a non-axisymmetric magnetic 
field.
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A neutron star in my city https://ns-in-my-city.daniel-wysocki.info 

https://ns-in-my-city.daniel-wysocki.info/


31

Burst gravitational waves 

There are several conjectured sources of burst signals, here we concentrate on supernovae 
only. 

Core-Collapse Supernovae (CCSNe) are spectacular deaths of massive stars with masses larger than 8 times the mass of 
our Sun (or, 8 solar masses). 

• These stars burn hydrogen in their cores over millions or billions of years, in the process creating heavier elements up 
to iron. 

• The iron builds up until it creates a so-called iron core in its center. 

• When such an iron core is around 1.5 solar masses, its gravity becomes so strong that it exceeds the electron pressure 
of atoms and the star's core collapses under its own weight. 

• Under that tremendous pressure, the electrons penetrate the iron atoms, interacting with protons to create neutrons 
and neutrinos. 

• The neutrons stay in the star's core, but the very light neutrinos leave the collapsed core en masse. 

• This massive flux of neutrinos is believed to drive the inevitable explosion of the star by heating it from the inside.
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SNs are dim GW sources; they are also quite rare

People have been observing supernovae for millennia, but the main mechanism behind these powerful explosions is 
not yet fully understood. 

Theorists model supernovae and calculate what gravitational-wave signals, or waveforms, from these events would 
look like.

Simulations of core-collapse supernovae show that GWs between (102– 103) Hz can be produced. Dimmelmeier et al 
calculate the average maximum amplitude of GWs for a supernova at distance r as 

(diameter of the Milky Way, roughly 27 kpc).

The event rate for SNs is approximately 5 x 10-4 Mpc-3 yr-1. 

=h h 16nc is produced for Advanced LIGO at peak sensitivity and a width between
(3–300) Hz, corresponding to expected observable frequencies.

5.1.2. Supernovae. Simulations of core-collapse supernovae show that GWs between (102–
103) Hz can be produced (Kotake et al 2006). The GW signal undergoes  (1) oscillation and
is hence burst-like. Dimmelmeier et al (2002) calculate the average maximum amplitude of
GWs for a supernova at distance r as

⎜ ⎟⎛
⎝

⎞
⎠= × −h

r
8.9 10

10 kpc
. (64)max
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The event rate for supernovae is approximately γ = × − − −5 10 Mpc yrSN
4 3 1. The boxes

labelled ‘supernova’ plotted in the appendix correspond to a distance =r 300 kpc with the
frequency range quoted above. The LIGO and Virgo detectors have already placed bounds on
the event rate for these sources (Abadie et al 2012a).

5.1.3. Continuous waves from rotating neutron stars. Rotating neutron stars are a source of
continuous GWs if they possess some degree of axial asymmetry (Abbott et al 2007,
Prix 2009, Aasi et al 2013). The signals are near monochromatic with a frequency twice the
rotation frequency of the neutron star, and are a potential source for ground-based detectors.
The amplitude of the GWs depends upon the deformation of the neutron star, and its spin
frequency. The magnitude of the distortion depends upon the neutron star equation of state
and the stiffness of the crust, which are currently uncertain (Chamel and Haensel 2008,
Lattimer 2012). Deformations can also be supported by internal magnetic fields (Haskell
et al 2008). Several known pulsars could be sources for the advanced detectors and upper
limits from the initial detectors help to constrain the deformations.

The boxes labelled ‘pulsars’ plotted in the appendix correspond to the upper limits
placed on a GW signal from the Crab pulsar (Aasi et al 2014b), extrapolated across
a frequency range between (20–103) Hz. The extrapolation was performed using the
scaling ∝h f f˙0 (Aasi et al 2014b) (this is the spin-down limit, which assumes that
the only loss of energy from the system is due to GW emission) and (35). This gives

∝h fc
1 2; higher frequency sources are observed at a louder SNR because they undergo

more cycles.

5.2. Sources for space-based detectors

For a review of the GW sources for space-based missions see, for example, Amaro-Seoane
et al (2013), Gair et al (2013) or Jennrich et al (2011).

5.2.1. Massive black-hole binaries. Space-based detectors shall be sensitive to equal-mass
mergers in the range (104–107) ⊙M . Predictions of the event rate for these mergers range
from  (10–100)yr−1 for eLISA with SNRs of up to 103 (Seoane et al 2013). The large
range in the rate reflects our uncertainty in the growth mechanisms of the supermassive
black hole population (Volonteri 2010). A ⊙M105 binary can be observed out to a redshift

∼z 5 with an SNR of 100 (Seoane et al 2013). This fiducial source gives the amplitude
of the boxes labelled ‘≈106 solar mass binaries’ in the appendix. The range of frequencies
is (3 × 10−4–3 × 10−1) Hz, extrapolated using the slope ∝ −h f f( )c

2 3 derived in
section 3.2.

Class. Quantum Grav. 32 (2015) 015014 C J Moore et al
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https://www.youtube.com/watch?v=XzaYNOKK6Xk
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https://www.youtube.com/
watch?v=dfROBwCDKtM 

Onset of neutrino-driven convection 
in a 15 solar mass core-collapse 
supernova (CCSN) simulation done 
with the CHIMERA code.

https://www.youtube.com/watch?v=dfROBwCDKtM
https://www.youtube.com/watch?v=dfROBwCDKtM
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https://d2r55xnwy6nx47.cloudfront.net/uploads/2021/01/Supermodels-Inside.mp4 
Swirling matter surrounds the core of a 
supernova in the first half second after 
core collapse. In this simulation, the 
matter is colored by entropy, a 
measure of disorder. (Hotter colors like 
red indicate higher entropies.) Because 
of the turbulence, the explosion isn’t 
symmetric.

Credits D. Vartanyan, A. Burrows. 
Thanks to ALCF, D. Radice and H. 
Nakagura

https://d2r55xnwy6nx47.cloudfront.net/uploads/2021/01/Supermodels-Inside.mp4
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Stochastic background

Stochastic gravitational waves are the relic gravitational waves from the early evolution of the universe.  Much like the 
Cosmic Micro-wave Background (CMB), which is likely to be the leftover light from the Big Bang, these gravitational 
waves arise from a large number of random, independent events combining to create a cosmic gravitational wave 
background.  

The Big Bang is expected to be a prime candidate for the production of the many random processes needed to 
generate stochastic gravitational waves (and the CMB), and therefore may carry information about the origin and 
history of the universe.  

If these gravitational waves truly originated in the Big Bang, these waves will have been stretched as the universe 
expanded and they can tell us about the very beginning of the universe—they would have been produced between 
approximately 10-36 to 10-32 seconds after the Big Bang, whereas the CMB was produced approximately 300,000 years 
after the Big Bang.  The sound these gravitational waves would produce is a continuous noise (much like static) and will 
be same from every part of the sky (just like the CMB).  

Similar backgrounds could be produced by a combination of many simultaneous inspirals, bursts, or continuous signals 
from throughout the Universe.
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The noise PSD of the stochastic gravitational wave background (SGWB) is 

A background of gravitational waves appears in a single detector as simply another source of noise. There are two ways 
to identify it:

• In a single detector, if one has confidence in the characterization of the instrumental and environmental noise, and if the observed 
noise is larger, then one could attribute the excess noise to a background of gravitational waves. For ground-based detectors, the 
expected gravitational-wave noise level is so low that it will not be seen against expected instrumental noise sources.

• Using two detectors, one can cross-correlate their output data streams, essentially by multiplying them together and integrating 
over an observation time T . 
The instrumental noise, assumed independent, largely cancels out, while the gravitational-wave noise, being the same in both 
detectors, sums systematically. 
This technique works, provided the two detectors are close enough together to respond in the same way to any given component of 
the stochastic gravitational-wave field. 
In practice, detectors will be separated by significant distances, and this causes their mutual gravitational-wave response to 
decorrelate somewhat. 
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