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Consider an orthonormal set of basis vectors {e;}, so that a generic vector can be expressed
in the form
v =1'e;.

Next, consider the vector space of linear functions that act on these vectors, and let {e’}, be
an orthonormal basis in this dual space such that a vector in the dual space can be written as a
linear combination ‘

v = v;€e’,
and

e'(ej) = 5;

Now, thanks to linearity, the action of a generic element (function) of the dual space p = p;e’
on a vector v = v’e; is easy to find:

p(v) = pse’ (vjej) = pz-vjei(ej) = pivjé; = pv.

Note that the action of the basis vector of the dual space on a basis vector in the original space
is also written as a dot product, and everything still works thanks to linearity:

e'(e) = e -e; = dl,

and o o ‘
p-v=piv’/(e" ;) =p’d; =pu’,

where the dot product takes the priority over the sums.
Going back to the matrix definition of the metric tensor and dot product in SR, we find that

€, €y = Nuv
and this extends to

€, € = Guv
for Riemann manifolds.

Notice that when we take a linear orthogonal transformation A;; of the set of basis vectors
and its inverse A", then we have

VvV = Uiei = vi5fej = ’UiAikAkjej = (UiAik)(Akjej)

so that coordinates transform in the opposite (i.e., according to the inverse transformation) with
respect to basis vectors.



The vectors of coordinates in the original space are called contravariant vectors, while vectors
of coordinates (which represent functions with vector arguments) of the dual space are called
1-forms or covariant vectors.

When we consider a coordinate transformation z'# = 2'#(x), the linear approximant for
infinitesimal changes is

m
dz'* = oz dz”

oxv
oz'H . . . . . ot
and Sov 1S the transformation matrix for controvariant vectors. Its inverse vl

~ is the transfor-
mation matrix for covariant vectors.

Exercise: show that the line element in 3D flat space is given by the following expression,
in spherical coordinates:

dl? = dr? + r2d6? + r? sin® 0dp?.

Exercise: use the previous result to find the metric tensor g,, for 3D flat space, in
spherical coordinates.

Exercise: use the previous results to find the metric tensor g,, and its inverse g*” for the
surface of a sphere of radius R.

Exercise: Show that the gradient of a scalar field is a covariant vector.




