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In empty space the wave equation with the Lorenz condition

- 167G
DQhW = _CTTW (1)
O,h* =0 (2)
reduces to
DQ@W =0 (3)
O,h"" =0 (4)

We have also found that a gauge transformation leads to a coordinate system that satisfies
the Lorenz condition if

D2£,u = ayﬁuuv (5)
and that there is an infinity of £, that satisfy this equation. This means that we assume the

Lorenz gauge and still have residual freedom to constrain further the coordinate system.
We can spell out the wave equation

R,
ot?

— V2R, =0 (6)
and look for solutions B
h*" = Re[A"” exp(ikqx®)] (7)
These trial solutions must satisfy the following constraints:
e from the symmetry of the metric tensor: A* = AY#

e from the wave equation: k%k, = 0, i.e., the wave 4-vector is null; this condition implies
the usual dispersion relation, i.e., waves move with speed ¢

e from the Lorenz condition: k, A" =0

Here, we consider a wave propagating in the z3 direction, so that the wave 4-vector is
k' = (k,0,0,k); Kk, =(k,0,0,—Fk)

(the equality k° = k2 follows from the fact that this is a null vector), with k¥ = w/c. With this
choice of k*, we find the following equality from the Lorenz condition

kA" — kAR =0, (8)



ie.,

AMO — qp3, ()

and the A matrix writes

AOO AOl A02 AOO

AOl All A12 AOl

A02 A12 A22 AOQ

A00 401 402 400
We see that the A matrix depends on just 6 quantities, (A%, A% A02 A A2 A22) in line
with what we expect from the application of the Lorenz condition (the symmetric tensor has 10
independent components, but the Lorenz condition implies 4 equalities, and hence the number
of independent components is reduced to 6).

The Lorenz gauge determines a whole class of gauge transformations, so we need to further
specify the coordinate transformation. We do this by choosing

&" = —Relie" exp(ikqz®)], (10)

where k* is the same as in eq. @, so that this is a wave-dependent gauge transformation. This
trivially satisfies the Lorenz condition, and moreover from

Wy = Py — 0y — 0y + M 0ak® (11)
we find
AP = AP — Vet — P kH 4 Y ke, (12)
From eq. and from the values of k* and A*¥ listed above, we find

A/OO — flUU o k(,)([l o E()l\‘() + l/()()]{'ﬂ€” — AOO _ k(eo + 63) (13)
A/Ol — ‘4(11 o A_l(,(] o (,1]1"(1 4 I/()IA‘ €& = AOI o kGl (14)
A/02 _ 1,,,1()2 o ]{'26“ o 62]?() i I]()le,'(\FH — A02 _ k62 (15)
AN = A B R o ke = AY — k(0 — €9) (16)
A2 = A2 g2 2pt 12k o = A12 (17)
A2 = A% B2 PR P kg = A2 — k(0 — €3) (18)
In this way we have added four constraints (the values of €*) and we can use egs. —
to reduce the independent components of A to just two. A'2 remains unchanged by the gauge

transformation, and A2! = A'? by symmetry, and we can select just one more independent value.
Setting

e = (24% + AM 4 A??) /4K (19)
el = A%k (20)
= A"/k (21)
e = (24% — AM — A%2) /4 (22)

we find the following transformed A matrix

O 0 0 0 00 0 0 000 0
0 A" a2 o o1 0 o Ll oo 10
0 A2 —a1 o [T o0 10 [TA 01 0 0
O 0 0 0 00 0 0 000 0

DO



Defining two linear polarization matrices

00 0 O 0 00O
pv 01 0 O n 0 010
€ = € =
+ 00 -1 0| % 01 0 0"
00 0 O 0 00O
we can write the generic polarization state
A = ALl + A€l (23)

Both matrices are traceless and the 3 component vanishes (transverse propagation), so this choice
of the gauge the transverse-traceless gauge (TT gauge). Since h = 0, then h = 0 and therefore
there is no difference between perturbation variables and trace-reversed perturbation variables.

In linearized gravity and in the TT gauge,
1
Lo, =~ 577(” (Ouhay + Ovhyy — Oy ) (24)
1
- 57704 (kﬂhVV + kyhoyy — kvhw) ) (25)

considering this expression, it is easy to see that

1
Ipy=0 T¢, = 580}15.
Using these results, and considering a particle initially at rest, so that its initial 4-velocity is

i* = (¢,0,0,0), the geodesic equation

d2 @
T =0, (26)
becomes P2
= Dt =~ = 0. (27)

This means that the velocity remains constant and equal to its initial value (particle at rest).
In other words, in the TT gauge, a cloud of particles at rest has geodesics with constant spatial
coordinate: therefore, the small spacelike vectors £# = (0,&1, €2, ¢3) that mark the separations
between nearby particles in the cloud remain constant.

However, the spatial separation d is not constant:
d* = =g &€ = —(mij + hij )¢ = (855 — hij)E'E0 = &E& — hyy&'e
I P TR i 1o
~ (6 ghue) (¢ - 3mie") @9

The new variables &% — %h}cfk mark the correct spatial separation. Note that in the TT gauge,
there is no shift in the 3 direction (the propagation direction), again showing that the wave is
transverse.



When we take one of these particles, originally in (£1,£2,0) as position marker, we see that
with a passing wave with amplitude A€ its position is

A
xt zgl—fcoswt % (29)
A
z? =€+ 7+ cos wt &2 (30)
23 =0 (31)

This means that in the ¢ = 0 plane, a ring of N equally spaced reference masses at radius R
and angular position 0, = 27n/N has separation

A ? A ?

r2 = R? (1 — % cos wt) cos? 0,, + R? (1 + % cos wt) sin? 6, (32)

~ R? [ (1 — Ay coswt) cos® O, + (1 + Ay coswt)” sin? Hn} (33)

= R?[1— Ay (cos® 0, — sin0,) cos wt] (34)

= R*(1 — A, cos 26, coswt), (35)

and finally
A
T~ R (1 - 7+ cos 26,, cos wt) . (36)

We see that the perturbation variable represents a relative deformation of the distance between
test masses; in the theory of elasticity this is called a strain.



