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Recall the expression of the Riemann tensor as a sum of Christoffel symbols and their deriva-
tives
Ripe = OpTg. — 0:L, + T5. T8, — T, Le (1)
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so that, lowering the d index, and evaluating the expression at the origin of a LIF in spacetime,
we find
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(the last two terms in vanish at the origin of the LIF, because they are made up of derivatives

of the metric tensor). Next, notice that at the origin of the LIF the Christoffel symbols vanish
and
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so that
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(the last step is just an alphabetical reordering of symmetrical indexes).

Now we use expression @ to prove a handful of useful symmetries of the Riemann tensor

e exchanging the first two indexes, ; and «, and using the symmetry of the metric tensor,
we find

1
Raupy = ) (080190 — 00089y — OyOugap + 9a0y9pu) = —Ruapyi (7)
e exchanging the third and fourth indexes, # and ~y, we find

1
Ryavp = 5 (060981 — 040ugap — 00089y + 00ugary) = —Rpuapy; (8)



e exchanging the first and third indexes (p and 8) AND the second and fourth indexes («
and ), we find

1
Rgypa = 9 (040u9ap — 080ugary — 0a0y9pu + 0a08Gyu) = Ruapyi 9)

e considering the cyclic permutations of the last three indexes, fy«a and yaf in addition to
the original a8y, we find

1
Rypya = 5 (aﬁawgau — 070490 — 0039y + aaaugﬁw) ) (10)
and L
Ryyap = ) (0004981 — 0a0ugpy — 080~ Jap + 90ugar) » (11)
therefore
Ruaﬁv + RMBW + Rmaﬂ =0. (12)

e now recall that at the origin of the LIF the Christoffel symbols vanish, so that the co-
variant derivative equals the common derivative, and we find (also reordering symbols in
alphabetical order, using symmetry)

1
voRpa,B'y = 5 (aaaﬁaag'm - aﬂauaagoz'y - aaa'yaagﬁu + &yauaagozﬁ) ; (13)

similarly, when we cyclically permute o, 8 and 7, we find

1
VsRjavyo = 5 (060,089ou — 080+0u900 — 0008009y + 0800590 ) ; (14)
and 1
VyRuaos = 5 (0600405981 — 040106 9ap — 00080~ Guo + 03040ugac) ; (15)
Finally,
vaRyaﬁfy + VﬁRp.a’ya' + v'yR,uomﬁ =0 (16)

The last equation is called Bianchi identity.

While these equations have been proved true at the origin the LIF, their tensor form is indepen-
dent of the particular choice of frame of reference, and therefore they are always true.



